A pair B,
Introduction
The celebrated Namioka theorem [12] asserts that for any separately continuous function f : B × K → R on the product of aČech complete space B and a compact space K, there is a dense set A ⊆ B such that f is jointly continuous at each point of the set A × K. (Any such set A actually extends to a G δ -set A with the same property. ) We shall call any pair B, K with B completely regular and K compact, satisfying the assertion of this Namioka theorem, a Namioka pair. (In the terminology of [11, Definition 2.1], the pair is in the relation N (B, K).)
In the sequel we shall consider only completely regular spaces. Saint Raymond [14] proved that if B is such that B, K is a Namioka pair for any compact K, then B is a Baire space. Haydon [6] showed that there are Baire spaces, even Choquet spaces [7, 8.12] , B and compact scattered spaces K such that B, K are not Namioka pairs. Recall that a space X is a Choquet space if Player II has a winning strategy for the Choquet game [7, 8. Let us recall that a function on a Baire space has the Baire property [10, Section 32, I] exactly when it is continuous apart from a meager set. In particular, a function with a dense set of continuity points has the Baire property. On the other hand, for the important class of compact fragmentable spaces [13] , which includes all compact scattered spaces, one can obtain the following result (closely related to some results by Kenderov, Kortezov and Moors [8, 9] Using an argument from [12] , one can see that for a Baire space B and a compact space K the Namioka property of the pair B, K is equivalent to the following property: For any separately continuous f : B × K → R and a closed subset F of B × K projecting irreducibly onto B, the set of points in F at which f is jointly continuous is dense in F .
Let us say that B, K is a weak-Namioka pair, if K is compact and for any separately continuous f : B × K → R and a closed subset F of B × K projecting irreducibly onto B, the set of points of continuity of the restriction f | F : F → R is dense in F . Now, Theorem 1.1 shows that some pairs B, βB , with B Baire, may not be weakNamioka pairs. One can also show that for any infinite compact F -space K there is a Choquet space B of the same weight such that B, K is not a weak-Namioka pair. In case of K = βN, this strengthens a result from [8] .
By Theorem 1.2, each B, K with B Baire and K compact fragmentable is a weakNamioka pair. In particular, the Haydon examples provide pairs B, K , with B Baire and K compact scattered, which are weak Namioka pairs but fail to be Namioka pairs.
The Saint Raymond theorem can be strengthened (with essentially the same reasoning) to the following effect: Proposition 1.3. If T is a completely regular space such that for any compact K, T , K is a weak-Namioka pair, then T is a Baire space.
It would be interesting to clarify if, for a space B, the property that each pair B, K with K compact is weakly Namioka, implies that B is a Namioka space, i.e., if every B, K is in fact a Namioka pair.
For many standard examples of Namioka spaces B, these spaces have, in fact, the following stronger property: the assertion of the Namioka theorem is true for any separately continuous function f : B × C → R with C being an arbitrary countably compact space.
However, at least consistently, this property is essentially stronger than the Namioka property of a Baire space:
δ be the product of ℵ 1 copies of {0, 1} equipped with the G δ topology. Then, there is a countably compact space C and a separately continuous f : B × C → R which does not have the Baire property. However, under (CH), B is a Namioka space.
The details of this example will be verified in Section 5. We shall also include in this section a remark related to some results obtained by Maxim Burke [3] , concerning Borel measurability of separately continuous functions.
Proof of Theorem
The following fact can be derived from the results in [2] . The reasoning in Section 2 of [2] shows that B is a Choquet space and the set 
The topology in C guarantees that u is separately continuous, and v is the projection onto the first coordinate. However w does not have the Baire property, as the set E in (1) fails this property and
Remark 2.2. In the outlined construction, the weight of B is equal to the cardinality of βN, and hence greater than the weight of βN. To lower the weight of B one should consider a topology in the set C stronger than the pointwise topology, described in [2, Section 2]. In fact, the construction in [2] allows one to choose in Lemma 2.1 a space B with weight equal to the weight of K.
Proof of Theorem 1.1. Let u : B × K → R, v : B → K be the functions described in the assertion of Lemma 2.1 (one may consider K = βN and the space B described above.) Let v β : βB → K be the continuous extension of v over theČech-Stone compactification, and let f : B × βB → R be defined by
Then f is separately continuous and its restriction to the diagonal 
Let τ be the topology of the product T × K, and τ d the topology of the product T × K d . We shall check the following: (B, τ | B ) .
Indeed, let C n be the union of all H ∈ τ | B which are contained in some rectangle E × F with E open in T and d-diam F 1/n. The set of points described in (3) is the intersection ∞ n=1 C n , and hence, B being Baire, it is enough to make sure that each C n is dense in B. Aiming at a contradiction, assume that D = B \ C n = ∅, and let D be the projec-
Having checked (3), let us notice that, the identity T × K d → T × K being continuous, the function f is also separately continuous with respect to the topology τ d . The factor K d is metrizable, and hence, by W. Rudin's extension of the classical Baire's theorem [16] , we conclude that f is of the first Baire class with respect to τ , and in particular, for each Baire subspace Z of T × K d there is a comeager set G in Z such that f | G is continuous. Taking as Z the set described in (3), we obtain G satisfying the assertion of Claim A.
Since B is Baire, the assertion of the theorem is equivalent to the following.
Claim B. For each
In fact, replacing B by any of its open nonempty subsets, it is enough to find a nonempty W ∈ τ | B with diam f (W ) δ. To that end, for each (x, y) in the set G described in Claim A, we shall fix a natural number n(x, y) such that
This is possible, as f is continuous on the variable y, and the identity
Now, G = n G n and since G is comeager in B, there is an n and there is a nonempty open set W in B such that
Let us fix (x 0 , y 0 ) ∈ W ∩ G. Since f | G is continuous at (x 0 , y 0 ), shrinking W if necessary, we can assume that
Finally, taking into account that neighborhoods of (x 0 , y 0 ) with respect to τ | B and τ d | B coincide, we can replace W by a smaller neighborhood to also guarantee that
Let
be the projection parallel to K. Then, by (6) and (8),
Let us check that
Indeed, for (x, y) in (11), there is, by (9), a point (x, y ) ∈ W ∩ G n . Then, by (10), d(y, y ) < 1/n, and |f (x, y) − f (x, y )| δ/6 by (4); cf. (5). This, combined with (7), gives (11) . Now, with y ∈ K(y 0 , 1/(2n)), the continuity of f on variable x, extends (11) A Banach space E is an Asplund space if the unit ball B(E * ) in the dual space with the weak * topology is norm fragmented, [4] , Theorem 5.2. There are Asplund spaces E which fail the Namioka property, i.e., there is f : B → E with B Baire, continuous with respect to the weak topology but without continuity points with respect to the norm topology; cf. Haydon [6] .
We have, however, the following fact, where w and w * stand respectively for the weak and weak * topology.
Corollary 3.2. Let E be an Asplund space and let B(E * ) be the unit ball in the dual space. Then, for any continuous map (u, v) : B → (E, w) × (B(E * ), w * ), defined on a Baire space B, the map b → u(b), v(b) has a dense set of continuity points ( , :
E × E * → R is the duality map, x, y * = y * (x)). We start from a lemma parallel to Saint Raymond's Lemma 4, and the proof will be a minor modification of his reasoning. Let ωΛ = λ ∪ {ω} be the one-point compactification of λ with the discrete topology, and let π : ωΛ × I → K be the quotient mapping matching the set (ωΛ × {0}) ∪ ({ω} × I ) to a point.
Proof. Let f : B × (B(E
We define f : X × K → I by the formula
if t = 0 and γ ∈ Λ, and let g : X → K be defined by
and if x / ∈ λ∈Λ φ
as in Lemma 4.2, and let u i (x) = f i (x, g i (x)).
We
Let x ∈ X and let F i be the first set containing x. Then, u(x) = i−1 j =1 2 −j , but in each neighborhood of x there is a point x with u(x ) = ( i−1 j =1 2 −j ) + 2 −i . Now, to complete the proof, let us consider the continuous extension g β : βX → K and let us define φ :
Then φ is separately continuous and φ(x, x) = f (x, g(x)) = u(x). Hence the restriction φ| ∆ is discontinuous at each point of ∆. 2 Remark 4.3. Let B, K be a pair of spaces, with B Baire and K compact, which is not weak-Namioka. Then there is a Baire space F contained in B × K which maps onto B by a perfect irreducible map, and a separately continuous function f : B × K → R such that the set of continuity points of the restriction f | F is not dense in F . If h : F → K is the projection map and h β : βF → K is theČech-Stone extension of h, define φ :
, so that the continuity points of the restriction φ| ∆ are not dense in the diagonal.
Verification of Example 1.4 and a remark on Borel measurability of separately continuous functions
We shall denote by C p (X) the space of continuous functions f : X → R equipped with the pointwise topology.
The space B in Example 1.4 is a P -space without isolated points. Therefore the first part of Example 1.4 follows immediately from the following Proof. To see that the space C is countably compact, let us consider any countable infinite set A in C. There is a clopen partition P of B such that each function in A is constant on every member of P . If u ∈ A (pointwise closure in the Tychonoff product {0, 1} B ) then u is constant on elements of P , and hence u ∈ C. Hence the closure of A in C is compactshowing that C is countably compact. (It is worth a remark here that we have actually shown that C is ω-bounded; that is, the closure of every countable subset of C is compact. This is stronger than being countably compact.)
To check that the evaluation map
fails the Baire property it is enough to show that for any nonempty clopen rectangle U × W in B × C, and any sequence F 1 ⊂ F 2 ⊂ · · · of closed sets in B × C with empty interiors, the evaluation e is not constant on
To that end, we shall define inductively collections G m and functions ϕ m on G m such that (1) G m is a disjoint family of nonempty clopen sets in B and ϕ m (G), G ∈ G m , is a nonempty clopen set in C,
Let us start with G 0 = {U }, ϕ 0 (U ) = W , letting F 0 = ∅. Then, given G ∈ G m , let H G be a maximal disjoint collection of nonempty clopen subsets of G such that for any H ∈ H G there is a nonempty clopen
We let G m+1 be the union of the collections H G with G ∈ G m and let ϕ m+1 be the combination of the functions ϕ G . Now, since B is Baire, (1) and (3) yield a sequence
By (4), 
and e(x, v i ) = i, for i = 0, 1. This ends the proof of the proposition. 2
To complete a verification of the properties of B described in Example 1.4, let us notice that B is not the union of ℵ 1 nowhere dense subsets.
We now show that if (CH) is assumed, B is a Namioka space. For this let f : B → C p (K) be a continuous function with K compact. Let T be the subspace of B consisting of those elements with countable support. Notice that T is dense in B and the cardinality of T is |T | = 2 ℵ 0 = ℵ 1 . Express f (T ) = {u α : α < ω 1 } and let H ξ be the closed linear span of {u α : α < ξ}. We remark that the space T (from the previous paragraph), consisting of those elements of B with countable support, was studied by Talagrand in [17] . He showed that T was a Choquet space which was not a Namioka space. Our proof that B is a Namioka space required the use of (CH). We do not know whether B is a Namioka space in every model of set theory. A natural question would be to ask what happens under (MA + ¬CH) (Martin's axiom plus the negation of (CH)).
We shall close this note with an observation related to some results obtained by Maxim Burke [3] .
Let us recall that X is a Lindelöf Σ-space if X is a continuous image of a closed subset of the product of a metrizable separable space and a compact space. f (x, c) . That shows the claim. Now, using the Claim, we can justify the proposition as follows. The set u(X) is a Lindelöf Σ -space and separates the points of C * . Hence the space C p (C * ) is a Lindelöf Σ -space; cf. [1, IV.2.10]; therefore, it is descriptive; cf. Hansell [5] . Using the terminology of [3, Remark 5.13] we have that C p (C * ) is narrow, and hence, by [3, Proposition 5.19 ], the evaluation e : C p (C * ) × C * → R satisfies condition (b) in Proposition 2.3 in [3] . It is now clear from [3, Definition 2.1] that the map f , being the composition of the evaluation e and the continuous map (u, v) : X × C → C p (C * ) × C * , is Borel measurable. 2
